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Abstract. We provide an explicitly computable lower bound for the arithmetic self-inter- 
section number ZJ 2 of the dualizing sheaf on a large class of arithmetic surfaces. If some 
technical conditions are satisfied, then this lower bound is positive. In particular, these 

h— 5 technical conditions are always satisfied for minimal arithmetic surfaces with at least one 

^v^j reducible fiber and without multiple components. 

1. Introduction 

Let k be a number field, let denote the ring of integers of k. Let X/k denote a smooth, 
projective, geometrically irreducible curve of genus g > 1. Finally, let n : X — > Spec(Ofc) be 
a proper regular model of X. 

Let UJ = ujx denote the relative dualizing sheaf on X over Spec(Ofc), equipped with the 
Arakelov metric. The arithmetic self-intersection U 2 is one of the most fundamental objects 
in arithmetic intersection theory. In this note we show how it is possible to compute lower 
^1 bounds on U 2 under a technical hypothesis. 

Our main result Theorem |1.4| implies the following: 

Theorem 1.1. If X is minimal and all irreducible components of X have multiplicity 1, then 
£\j there is an effectively computable lower bound ([!]) oncJ 2 . Moreover, this lower bound is always 

nonnegative and is zero if and only if all fibers of X are irreducible. 

As an immediate corollary we recover the following previously known result from |17j . |13j 
{S) and [3]. Here we call a fiber reducible if it has more than one irreducible component. 

Corollary 1.2. // X is semistable and minimal and has at least one reducible fiber, then 
there is an effectively computable positive lower bound on UJ 2 . 

The positivity of UJ 2 has been shown without assuming semistability, but still assuming the 
existence of at least one reducible fiber in 1 1 1|. However, this approach is not suitable for 



X 



explicit computations of such bounds. 

To each Q-divisor D S Divq(X) := Div(X) (g>z Q of degree one we attach in Definiton 
a hermitian line bundle Lr>. For the construction we use vertical divisors Vd and Ud (see 



3.1 



(|6j)) satisfying certain properties whose existence is guaranteed by Proposition 2.1 This line 
bundle is our main tool in what follows. Namely, we prove that if we take D = K, where 

2 

(2g — 2)K is a canonical divisor, then showing Lk > implies our lower bound. 

By construction, the height function hj-^( ■ ) defined in Q on the curve X is closely related 
to the Neron-Tate height induced by an embedding of X into its Jacobian via D. In particular, 
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we can show hj-^(P) = /int([-P — D]) for any P G X(k), whenever the Zariski closure D% of 
D in X is disjoint from a certain finite set T(X) a X oi closed points (cf. Definition |4.2[ ). 
If E G DivQ(X) is effective such that the support of its Zariski closure Ex G DivQ(A') is 



also disjoint from T(X), then hj^(E) > (cf. Proposition 4.6). For such D a refinement of 



Zhang's results on positive hermitian line bundles |16| Theorem 6.5] allows us to prove the 
inequality Lj^ > 0; more precisely we show in Section [ij 

Theorem 1.3. If Lp is relatively semipositive and Dx H T(X) = 0, then we have Lj^ > 0. 
Here a line bundle is relatively semipositive if its restriction to any irreducible vertical 



divisor has nonnegative arithmetic degree (see Definition 3.2). 



Theorem 1.3 is used in Section [6] to prove our main result: 



Theorem 1.4. Let K G Div<(j(X) be a Q-divisor such that (2g — 2)-K is a canonical Q- divisor 
on X and such that the Zariski closure Kx of K on X satisfies Kx H T{X) = 0. 
If the hermitian line bundle Lk is relatively semipositive then we have 



(1) uj 2 > -— -0{2V K + U K y + 2{lj.O{U k )). 

We would like to stress that it is easy to compute the divisors Vk and Uk] hence the right 
hand side of can be computed easily for a given arithmetic surface 



If all irreducible components of X have multiplicity one, then we show in Proposition 3.4 
that Ld is relatively semipositive for all D of degree one. In that case gives in fact a 
lower bound, since there always exists a K satisfying Kx D T(X) = 0. A priori that lower 
bound could be negative, however with the additional asumption of minimality of X, we 
derive Theorem 11.11 from Theorem 11.41 in Section 03 

We believe that for all minimal arithmetic surfaces there exists a relatively semipositive 
Lk such that is a nonnegative lower bound on lJ 2 . Indeed, if there are components of 



higher multiplicities, one can still check whe ther Theorem 1.4 is applicable. As an example, 



we prove that the conditions of Theorem 1.4 are satisfied for the minimal regular model J~^ m 
of the Fermat curve of prime exponent p > 3 over the p-th. cyclotomic numbers and that the 
resulting lower bound is positive. This does not follow from Theorem [TTTJ since the irreducible 
components of J-? 1111 need not have multiplicity one. 

Theorem 1.5. The arithmetic self-intersection UJ 2 of the relative dualizing sheaf on F™ m 
satisfies 

If 13 73 \ 

^ > 4p3{p _ 1)(p _ 2) (V - 32/ + y / + -jP* ~ 52 P 2 + 144 j logp. 

This lower bound is positive for all p > 7. Furthermore, if p = 5, then we have uj 2 > j|| log 5 
and if p = 7, then we have uj 2 > 3 6 g 2 6 7 Q 7 log 7. 



In Section [7] we use Theorem 1.4 to prove Theorem 1.5 We then compare the resulting 



lower bound to the upper bound computed by Curilla and Kuhn in [7j. 

We have no explicit result how sharp the bound Q is. An upper bound on Lk can be 
obtained from [16^ Theorem 6.5], which implies that 



L, 
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where e'-j— = liminf pgX ^ hj-^(P). Hence we find 

(2) 0<oJ 2 - ^-°—±0(2V k + U k ) 2 + 2(lJ.O(U k ))^ < 4(g - l)e^, 

so e'-j — controls how sharp our bound is. 

Lk 

For the rest of the introduction we assume that X is semistable. In that case lower bounds 
on uj 2 can also be derived by means of the admissible intersection theory due to Zhang, cf. 
\17\ Theorem 5.5]. Namely, Zhang shows that 

—2 2 , 

where uj 2 is the admissible self-intersection of oj and r is some explicitely computable invariant. 
It is given in terms of admissible Green's functions on the reduction graphs of the special fibers 



of X. Furthermore, he deduces Corollary 1.2 from the inequality uj^ > and the fact that 



r > if there exists a fiber which does not have potential good reduction. In fact he proves, 
similarly to (J2|, 

< uj 2 -r < 4(g-l)a'(K), 
where a'(K) = liminf peX ^ h^([P — K]) (see[T71 Theorem 5.6]). 

Zhang's approach has been employed by Abbes- Ullmo [T\ and Mayer [11] to determine lower 
bounds for certain modular curves. Note that this approach does not apply to non-semistable 
arithmetic surfaces, so in particular it cannot be used for J 7 ™ 111 . 

The positivity of UJ 2 is equivalent to the Bogomolov conjecture for the Jacobian of X, which 
was proved by Ullmo |15| . An explicit strictly positive lower bound for UJ 2 would imply an 
effective version of the Bogomolov conjecture for X by |16|, Theorem 5.6]. We point out that 
for X with at least one bad fiber our lower bound ([!]) minus Zhang's quantity r is a lower 
bound for uj 2 . 

We would like to thank Ariyan Javanpeykar and David Holmes for a careful reading of the 
manuscript and many helpful suggestions. We also thank Zubeyir Cinkir for advice on the 
proof of Proposition |3.4| and Christian Curilla for drawing Figure [T] 

2. Correction divisors 

First we introduce some notation which will be used in several places throughout this work. 
If v is a non-archimedean place of k and X v = Yll=i biTi, where {Ti, . . . ,T rv } is the set of 
irreducible components of X v , then we define an t v x t v matrix JVlx v — (^H?)?,i ^ minus 
the intersection matrix of X v , that is m%j = — (biTi . bjTj). Let = denote the 

Moore-Penrose pseudoinverse of M. Then both Mx v and are symmetric and positive 
semidefinite. Moreover, the following facts hold (see [6]): 

(3) rriij = n ij = f° r au i £ {1; • • • > r v}, 

j j 

r 1 

(4) n kj mji = h 5 ik for all i, k E {1, ... , r v } 

■ 1 r v 

We now associate a metrized graph (see [5] or [17]) Qx v to X v as follows: The vertex set 
V{Gx v ) is given by {ri, . . . ,T rv } and two vertices Tj and Tj are connected by a single edge 
of length —1/rriij if rriij ^ 0. Then Mx v is the discrete Laplacian associated to Qx v (see [6]). 
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For the remainder of this section we work over the strict henselization k^ T of the completion 
of k at v and its ring of integers 0^ r . If E E D1vq(X x k^ 1 ), then we let v v {E) be the column 
vector with entries v V; i(E), where 

v v ,i(E) = {biTi.Ex). 
Moreover, we set for each i E {1, . . . , r v } 

a v ,i :=-r 2 i +2p a (T i )-2, 
where p a (Ti) is the arithmetic genus of 

1 



and | 

deg(£) 

Proposition 2.1. For any E E D1vq(X x fc° r ) o/ degree d and any non-archimedean place v 
of k there exists a vertical Q- divisor V V {E) such that 

(E X + V V (E) . T) = (-r 2 + 2p a {T) - 2) 

for every irreducible vertical component T of X v , where p a (T) is the arithmetic genus ofT. 

Proof. We first assume that d = 2g — 2 and that E is effective. Let v be a non-archimedean 
place of k and let M = Mx v - Then a divisor 

r v 

V v (E) = Y,b i c l (E)T i 

i=i 

as desired exists if and only if the system 

(5) — M ■ c(E) = w(E) 

of linear equations has a solution, where c(E) is the column vector with entries Ci(E) and 
w(E) is the column vector with entries Wi(E). Note that §5§ is solvable if and only if the rank 
of (—M\w(E)) is equal to rk(— M) = r v — 1, which is equivalent to Yli=i w i(E) = because 
of (|3j). But it is easy to see that Yui=i w i(E) only depends on the degree of E. It is shown in 
[7J that ^ is solvable if E is a canonical Q-divisor on X x /c" r , so we get the existence of a 
solution for all E of degree 2g — 2. 

Next let E be effective of arbitrary degree d > 0. Then we set 

Finally, if is not effective, then we write E = E\ — E2, where E\ and E2 are effective and 
set V V (E) = V V (E\) — V v (E2). It is obvious that V V (E) does not depend on the choice of E\ 
and E 2 . □ 

Proposition [3] says that we can extend E to a divisor on X x which satisfies the 
adjunction formula up to a factor deg(-E) on the special fiber. 

The case of degree zero is especially interesting. It is well-known (see for instance O 
Theorem III. 3. 6]) that for any Z E Divq(X x k^ r ) of degree zero we can find a vertical Q- 
divisor $x(Z) = <§>x,v(Z) on X x 0" r such that Zx + <&x{Z) has trivial intersection with 
all vertical divisors on X v . 
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Corollary 2.2. Let Z = E — E' G DivQ(A~ x k^ r ) have degree zero. Then we can take 
$ X>V (Z) = V V (E)-V V {E>). □ 

Remark 2.3. On a side note, we can define, for each non-archimedean place v of k, a local 
pairing on coprime divisors Ei,E 2 £ D1vq(X x fc" r ) by 

E 2 ] v := (£i * + K(^i) . E 2 , x + V V {E 2 )). 



Corollary 2.2 implies that [Ei,E 2 ] v extends the local Neron pairing (see [§J §111.5]) to divisors 
of arbitrary degree. To our knowledge, this has not been done before without using the 
reduction graph as in [5] or [T7] , 

Moreover, if v is archimedean, then we can define [Ei,E 2 ] v to be the admissible pairing of 
Ei and E 2 at v as in [T71 §4.5]. Then we get a global pairing 

[Ex,E 2 ] :=J2[Ei,E 2 ] v 

V 

on divisors Ei,E 2 6 DivQ(A) with disjoint support. This pairing has the following properties, 
which may be of independent interest: 

(i) [•, •] is bilinear and symmetric. 

(ii) div(/)] = for any / S k(X)*. Hence [•,•] induces a well-defined pairing on 
divisor classes. 

(iii) If deg(£i) = deg(E 2 ) = 0, then we have [Ei,E 2 ] = — (£i, E^NTi where the latter is 
the Neron- Tate height pairing. 

(iv) If Ei and E 2 are canonical divisors on X, then we have [Ei,E 2 ] = uj 2 . 

3. The hermitian line bundle Lb 

Throughout this section we let D denote a Q-divisor on X of degree one. We define 
a vertical Q-divisor Ud on X as follows: If v is a non-archimedean place of k such that 
T^, . . . , rj! are the irreducible components of the special fiber X v and i G {1, . . . , r v }, we let 
G\ 6 Div Q (X x kf) be a Q-divisor on X of de gree one such that the Zariski closure Xx Qm 
intersects T^, but does not intersect Tj for j ^ i. It follows from [2j Corollary 9.2.10] that 
such a Q-divisor always exists. Let j DjVji := K,(G^) 2 - 2{V V {G\) . V V {D x k™)). Then we 
define Ud,v by 

r 

ud, v = — y~i iD,v,i • 17 

1=1 

and set 

(6) U d = J2 u d,v 

V 

Definition 3.1. We define a hermitian line bundle Lp by 

Ld = uj ® 0(2£>*) ©(J/d)- 1 ©(-aA'oo), 

where a = 0(-Da") 2 - 0(V D ) 2 £ R. Here 0{D X ) 2 is the self-intersection of 0(D X ), equipped 
with the Arakelov metric, V D = J2 V K(D) and Oi-aX^) = (O x , \ ■ \e a ). 

Unless otherwise stated, all metrics will be Arakelov metrics (so that the Arakelov adjunc- 
tion formula holds, cf. §IV.5]), except for vertical line bundles, which are equipped with 
the trivial metric throughout. 
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The hermitian line bundle will be our main object of interest. We want to show that 
it has nonnegative self-intersection. 

Definition 3.2. We say that a hermitian line bundle L is relatively semipositive if it has 
nonnegative intersection with all irreducible vertical components of X. If L has nonnegative 
(resp. positive) intersection with all irreducible horizontal divisors on X, then we call L 
horizontally semipositive (resp. horizontally positive). 

Next we will show that Lq is relatively semipositive, at least when all components of the 
special fibers of X have multiplicity one, which we assume for the remainder of this section. 

We fix a non-archimedean place v of k, keep the notation of the previous section [2] and 
let Mx v = ( m ij)i,j and = (ny)jj. For each divisor E G Dfvq(X x /c" r ) we write 

V V (E) = Y7i=i c v,i(E)Fi, since by assumption all b$ = 1. For simplicity, we will drop the 
subscripts v for the remainder of this section. 

Lemma 3.3. We have 




3=1 



Proof. This is an easy computation using the properties of M% v listed in Section [2] 



r r 



-(u D . Ti) = c ^ • M G <) " 2w ii D )) ■ m ij 



1=1 3=1 




r r r 



a'j ~ o~ij)) ■ mi 



i=i j=i k=i 



r r r 



^2 ^ ( 2n kj a 'k v j( D ) ~ n kja k a'j - n kj a' k 5ij - 2n k j5 k iVj{D) 
i=i j=i k =i 

+n kj 5 k ia' j + n kj 5 k i5ij) ■ m H 



r 



r 



r 




3=1 



1=1 j=l 



r 



r 



r 




3=1 



3=1 



1=1 





3=1 



□ 
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It turns out that in the case of simple multiplicities, Lemma 3.3 suffices to prove relative 
semipositivity of Lp. 

Proposition 3.4. Suppose that all components of the fibers of X have simple multiplicities. 
Then for any D 6 DivQ(X) of degree 1 the hermitian line bundle is relatively semipositive. 



Proof. Let i 6 { 1 , . . . , r} . 

log Nm{p v ) 

T 

= (K . Ti) + 2vi(D) + ^2 n jjmij + - - 2 Vi (D) 
3=1 r 

T 2 
= ma + 2p a (Fi) - 2 + ^ njjmij + -• 

3=1 T 

Here tC is a canonical divisor on X and p a (Xi) is the arithmetic genus of Tj. The second 
equality follows from X^=i u j(-^) = 1 anc ^ @ whereas the third equality follows from the 
adjunction formula on X v . Note that [Lo ■ OiTi)) is independent of D. 
It follows that 

2 

" = y^(»jj + - 2nij)mij h 2 

3 3 

2 

= X^r{Ti,Tj)mij - - + 2, 

3 

where r(Ti,Tj) is the effective resistance between the nodes Tj and Tj if we consider the 
metrized graph Qx v as a resistive electric circuit as, for instance, in [SJ [T7]. The formula 
r(Ti, Tj) = rijj + na — 2nij is taken from [6]. 

In order to prove the proposition it therefore suffices to show that 

(7) ma + r(Ti,Tj)mij > 0. 

3 

But we can rewrite the left hand side as 

^m 1J (r(r i ,r j ) - 1). 

A component Tj can only contribute a negative summand to the sum if rriij ^ 0. This 
means that the nodes on Qx v corresponding to and Tj are connected by an edge of length 
— — < 1. In this case it is well known that the effective resistance r(Ti, Tj) is bounded from 

above by the edge length. Hence all terms in the sum are nonnegative, proving (I7j) and thus 
the proposition. □ 

If we want to prove relative semipositivity for arbitrary arithmetic surfaces, estimates are 
more difficult. Nevertheless, we expect Proposition |3.4| to hold for all minimal arithmetic 
surfaces. See Lemma 7.3 for a family of examples. 



8 



ULF KUHN, JAN STEFFEN MULLER 



4. Heights and intersections 

If I is a finite extension of k, then we let <~pi := pr x o ir£ : X — > X, where 7C£ : X^ — > X x Og 
denotes the minimal desingularization. For the definition of semistable arithmetic surfaces we 



refer to 4.1; in particular, we do not require a semistable arithmetic surface to be minimal. 

Lemma 4.1. There exists a finite extension £o/k such that X 1 is semistable for any finite 
extension £/£q. 



Definition 4.2. Let lo/k be as in Lemma 4.1 We denote the smooth locus of X e ° by X^ and 



we denote the exceptional locus of <pe by Exc(^). With this notation we define 

T(X) := w (V° \ X* U Exc(^ )) . 

Remark 4.3. If X is semistable, then we have T(X) = X io \ X sm . 

Lemma 4.4. Any irreducible divisor E on X such that supp^^ ) n T(X) = satisfies 
ip\Ex = E x i for any finite extension £/£q. 

Proof. Let E be an irreducible divisor on X whose closure Ex does not contain an element of 
T{X) in its support and let £/k be a finite extension containing £q. Note that if tp*Ex i= E x t, 
then there is an irreducible component T G Exc(^) such that ipi(T) £ supp(-E^)- 

But this means that either V £ Exc(</?£ ), implying that y^(r) G T{X) by definition, or T 
is contracted to a point by the desingularization morphism Xg_ — > Xg x Og. In this case T 
maps to a singular point of Xi x Oi, whence (fgiT) G T(X). 

□ 

Let £ be an irreducible horizontal divisor on X. The height of £ with respect to a hermitian 
line bundle L on X is defined by 

where the metric on 0{£) is admissible in the Arakelov-theoretic sense. We extend this to 
arbitrary effective divisors on X by linearity. If E is an irreducible effective divisor on X, 
then we set 

h T (E) := h T (Ex). 

Definition 4.5. Let T be a finite set of closed points of X. We say that a hermitian line 
bundle L is T-semipositive if we have hj^{£) > for all effective horizontal divisors £ on X 
such that supp(£) n T = 0. 

Let /int denote the Neron-Tate height on the Jacobian J of X with respect to the sym- 
metrized theta divisor G + [— 1]*0. Finally, for each divisor D G DivQ(X) of degree one, let 
jjj : X )■ J be the embedding mapping a point Q G X to the class of Q — D. 

Proposition 4.6. Suppose that D G DivQ(X) has degree one and supp(-D^) H T(X) = 0. 
Then Ld is T(X)-semipositive. Moreover, if P G X(k), then hj-^(P) = /intO'd(-P))- 

Proof. Let E be an irreducible divisor on X such that supp(Ex) n T(A?) = 0. Let £q be as in 



Lemma 4.1 and let £/k be a finite extension containing £o such that i? has pointw ise ^ -rational 

we have 



support. Let d = deg(E) and E = ^j=i(-fj)> where Pj G X{£). By Proposition 
(9) Pi Ex = E x t and (p}Dx = D x t. 



4.4 
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Hence we get, using [9j, Theorem III. 4. 5], 

$ x t(E - dD) = ip* e ($x(E - dD)). 
Expanding the left hand side, we find 

d 

<S> xl {E-dD) = Y J <b X z(P ] -D). 

3=1 

On the other hand, as Ex avoids T(X) we have that for each j G {1, . . . ,d} and for each 
non-archimedean place v the divisor Pjx intersects precisely one component, so there is an 
index G {1, . . . , r v } such that 



j=l v 



See the beginning of Section |3j for the definition of G^v . Using Corollary 2.2 this implies 



d £ d 



(10) - d? = E E ^ (5* - D ) = E E (ja^ - 

i=l i=i « i=i v 

Because of (10) and by definition ([6| of Ud we find 

d d d 

(11) {E X . U D ) = Y,{P X j ■ U D ) = - J>A«,i? = ~ E <M p j " + <*Vg. 

This allows us to compare hj^— to /int • We will use the Hodge Index Theorem due to Faltings 
and Hriljac (see for instance [9J §111.5]) which implies that if P G J, then we have 

(12) h NT (P) ■ [k : Q] = - (O(Zx) ® 0{$x{Z)).0{Z x )) = -0{Z X ) 2 + 0{$> X {Z)) 2 

for any divisor Z of degree zero on X such that Z represents P. 
We set a' = -0(D X ) 2 . Then we get 

d d 

E ^nt0'u(^)) • [* : Q] = E ("^ " D ^f + " D ))' 



1=1 1=1 



a 

E ( P ^) 2 + 2 (O(P^) ■ 0(D xi )) + O ($^(i>- - D)) 2 ) -d-a! 

3=1 
d 

^ ((0(P j>x e) . UJ x e 0(2D x e)) + O {* x t{Pj - D)) 2 ) -d-a' 

3=1 

d 

(0(E xe ) . uj xe <g> 0(2D xe )) + ( p 3 ~ D )f - d - a ' 

3=1 

(0(E X ) . u ® 0(2D X )) - (0(E X ) . 0{U D )) -d-a' + d- 0(V D ) 2 

{0(Ex).Ld~) 

d-[k:Q]-hj^(E). 
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Here the first equality holds by (12), the third equality holds because of the Arakelov adjunc- 
tion formula (see [9, §IV.5]) and the fifth equality holds because of Q, (11) and because, by 



assumption, E x i does not intersect any vertical divisors contracted by ipi. 

The first assertion of the proposition is now immediate since the Neron-Tate height only 
takes nonnegative values, whence hj-^(E) > 0. The second assertion follows if we take E = P 
in the argument above. □ 



Remark 4.7. Since the heights hj-^(P) and /int([-P — K]) are related by Proposition 4.6 
comparison of the quantities e' 7 — and a'(K) (cf. the interoduction of the present paper) which 

control the sharpness of our bound (IT]) and of Zhang's lower bound r, respectively, might be 
possible. 

5. Semipositive hermitian line bundles - proof of Theorem 11.31 
In this section we prove several quite general lemmas abo ut certain hermitian line bundles 



on X. All of these will be used in the proof of Theorem 1.3 in the case of Lq, Several results 
of this section are quite similar to results from |16| . 

Definition 5.1. Let L be a hermitian line bundle on X. We call a nonzero section s of L 
effective (resp. strictly effective) if ||s|| sup < 1 (resp. ||s|| sup < 1). We say that L is ample if 
L is ample and H° (X, L® n ) has a basis consisting of strictly effective sections for n>0. If 
this holds for n = 1, then we call L very ample. 

Lemma 5.2. Let L be a hermitian line bundle on X. For any hermitian line bundle M on 
X and a, b G N we set 

M a)b = M ® L . 

— 2 

If L < 0, then there exists no ample hermitian line bundle M on X with the following 

2 

property: For all a, b G N such that M a b > 0, we also have 
(13) (L.M O)6 )>0. 

Proof This proof is somewhat similar to the first part of the proof of |16t Theorem 6.3]. 



Suppose that L < and that M is a hermitian line bundle on X satisfying (13). 

Since M is ample, it has positive arithmetic self-intersection by |16l Theorem 1.3]. There- 
fore, if p(t) denotes the polynomial 

p(t) = L 2 + 2(1 . M)t + M 2 t 2 , 

then there is a positive real number to satisfying p(to) = and p(t) > for any t > to- 
Now let a, b £ N such that a/b > to. Then we find 

M 2 a>b = b 2 p{a/b) > 0. 



By (13), we know that 



i(L.M a>6 ) =L 2 + *(L.M) >0. 

— 2 

In particular, our assumption that L < implies 
(14) (Z.M)>0, 
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and also, since a/b can be arbitrary close to to, 

(15) L 2 + (I . M)t > 0. 

Now we can derive a contradiction as in the proof of |16| Theorem 6.3]. Namely, combining 



p(to) = and (15) implies 

(L.M)t + M 2 tl < 0. 

But this is impossible using M > and (pi). □ 



The following result provides us with a method to show that two hermitian line bundles 
on X have nonnegative intersection. 



Lemma 5.3. Let L and M be hermitian line bundles on X . If M has an effective global 
section s such that /ij(div(s) hor ) > and L is relatively semipositive, then (L . M) > 0. 

Proof. According to [31 §3.2.2], we have 

(L.M) = (0(di ^ } • L) + Mdiv(s) hor ) - / log IMUp c l( L). 
Now div(s) ver is effective, so the claim follows. □ 

— . — 2 

Supp ose we want to show that a hermitian line bundle L on X satisfies L > 0. Then using 



Lemma 5.2, it suffices to find some ample hermitian line bundle M on X such that under the 
assumption L < we have (L . M a ^ > whenever M a b > 0. 

If L is horizontally semipositive, then we can take any ample M and any effective section 
s of (which exists for n > by [16, Theorem 2.1], see |16} §8]) and apply Lemma 



5.3 However, we want to apply Lemma 5.3 to L = which is not in general horizontally 
semipositive 
Lemma 

n there are many effective sections of M a ^ whenever M" a b > 0. Intuitively, it should 
be possible to find an effective section s avoiding a finite set of points if M a {, has enough 



5.4 



3ut only T(Af)-semipositive, so we have to be more careful with our choice of s. 

— 2 

below tells us that, under the hypothesis L < 0, we can find M such that for 

2 



effective sections. Lemma 5.5 makes this intuition precise. 



Lemma 5.4. Suppose L is a relatively semipositive hermitian line bundle on X such that 
deg(L) > and L < 0. Then there exists an ample hermitian line bundle M on X such that 
for all a, b € N satisfying 

mL = (m^l^ 2 >o, 



- 0,1 



the lattice H yX, M^j has a basis consisting of strictly effective global sections for some 
n = n(a, b) 3> 0. 

Proof. Let M be an ample hermitian line bundle on X . We will scale M by a 6 Q>o such that 
the lemma holds for M(a). Using |16l Theorem 1.5], it suffices to show that M a ^{a) 2 > 
implies that M a ^{a) is horizontally positive, since relative semipositivity is automatic. 
Let p a (t) denote the polynomial 

Pa (t) = L 2 + 2 (I . M{a)) t + M{a) 2 t 2 . 
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As in the proof of Lemma 5.2 there is some positive real number to = to( a ) such that 
Pa(to) = and p a (t) > for all t > to- 

Now let mi, = — info h^D) and tum = info hj^(D), where we take the infima over all 
irreducible divisors D on X. If mi, > 0, then we can take a = 0, so we suppose that mj, < 0. 

Let D be some irreducible divisor on X. We will construct a such that 



(16) 



hM aAa) (D)>0 



whenever a/b > to (a), which will prove the lemma. 
Because of 



h M a , b (a)( D )= ah M(^ + bh L^ 
> arriM + aa — bmi,, 



we need a nonnegative a such that | > to(a) 

t (a) > 



> 



m L 



a+m M ' 



so a must satisfy 



a + mM 



Hence ( 16 ) is easily seen to be equivalent to 

(17) (a + m M )r(a) > m L (m 2 + 2a deg(M)) + (a + m M ) ((M . L) + a deg(L)) 
where 



r[a) 



a 2 deg(L) 2 + 2a deg(M) ((M . L) - L 2 ) + (M . Lf - L 2 M 2 . 



Note that r(a) is real since j?q, always has real roots. Hence the left hand side of (17) is always 
nonnegative. If the right hand side is negative for some a, then (17) holds and we are done, 
so we may assume that the right hand side is also nonnegative. 



We find that (17) holds if and only if w(a) > 0, where w is a cubic polynomial in a, 
obtained by subtracting the square of the right hand side of (17) from the square of the left 
hand side. The leading coefficient of w is 



-2deg(M)(L +2m L deg(L)) 



which is positive by our assumptions on L. Hence (17) holds for a>0. 



□ 



Lemma 5.5. Let M be an ample hermitian line bundle on X and let P\,...,P r be closed 
points on X. Then for some n>0 there exists a strictly effective global section s of M® n 
such that s{Pi) ^ for i = 1, . . . , r. 

Proof. Without loss of generality we assume M is very ample. Since M is very ample as a 
hermitian line bundle, the lattice H°(X, M) is spanned by strictly effective sections s\, . . . ,s m - 
Moreover, since M is also very ample in the geometric setting, it is globally generated, i.e., 
there exists for each point Pi at least one section Sj such that Sj(Pi) ^ 0. Let si,...,Sfc 
be a minimal set of such sections. Then for any even n the global section s' = X^=i s j °f 
M n satisfies s'(Pj) 7^ for all i = 1, . . . , r. But now for some even n>0 the global section 
s' = Y^j=\ s j a ^ so satisfies the condition 



I sup 



< fcmax ||si|| n < 1. 



□ 
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Now let D £ Divq)(X) have degree 1. Recall Definition 3.1 of the hermitian line bundle 
Ld on X . If M is a hermitian line bundle on X and a, b are positive integers, then we set 



M, 



a,b 



L D 



fib 



We want to use Lemma 5.2 in order to prove Theorem 1.3, so we need to show that under the 
hypothesis Ld < there is some hermitian line bundle M on X with positive self-intersection 
such that M a b > implies (Ld . M a:b j > 0. 

Proposition 5.6. Suppose that Lp 2 < and that D x nT(X) = 0. Then there exists an ample 
hermitian line bundle M on X such that for any positive integers a, b the following condition 
is satisfied: If M a b > 0, then there exists a positive integer n(a,b) such that M ab ' has an 
effective section s satisfying /ij^(div(s) hor ) > 0. 



Proof. It follows from Lemma 5.4 that there is an ample hermitian line bundle M on X such 
that M 2 ab > implies that H° (x, M®Jf \ has a basis consisting of strictly effective sections 

for n large enough. By [16, Theorem 1.3], M a)b is ample. 

We get from Lemma 5.5 that there is a multiple n(a,b) of n and an effective section s of 

M®^ a ' b ^ such that div(s) hor does not intersect the finite set T(X) C X. Using Proposition 

□ 



4.6 



we conclude /i^ fj -(div(s) ) > 0. 



Now we can finally complete the proof of Theorem 1.3 



Proof of Theorem 1.3). Suppose that Lrj < 0. Let M be as i n Pr oposition 

7 2 



be positive integers such that M a b > 0. It follows from Lemma 
we have 

> 



5.3 



5.6 



and Proposition 



and let a, b 
that 



5.6 



and thus 



7 — Xr® n(a ' 6 ) 



(L D . M a>b ) > 0. 



But by Lemma 5.2 this leads to a contradiction. 



□ 



6. Lower bounds on uj 2 - proof of Theorems 1 1 .41 and ll.ll 

We finally get to our original problem, namely the derivation of lower bounds on to 2 . It 
follows from [5l Lemma A.l] that we can find a Q-divisor K £ D1vq(X) such that KxC\T(X) = 
and such that (2g — 2) • K is a canonical Q-divisor on X. It is shown in [7j that 

(18) /C = (2g - 2) • (K x + V K ) G Div Q (*) 

is a canonical Q-divisor on X . By the latter we mean a Q-divisor such that C(/C) = uj. 

1 • /C — Vk ■ We can use this to rewrite Lk 



Proof of Theorem \1.4\ Using (j 1 8|) we get Kx 



(cf. Definition 3.1) as 
where 



0{K X ) 2 



UJ 9-1 



0{V K ) 2 



29-2 

0(-2V K - U K ) - 4$ • a, 
1 , 1 



UJ 



4( 5 -l)2 g _ 1 



UJ.O(V K )). 
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Hence we get 

= — — r {gu 2 + (g- 1)0{2V K + U K f - 2g(u . 0(U K ))) . 

Q — 1 ' 



2 

Since Lk > by Theorem 1.3 the proof of Theorem 



1.4 



follows. □ 



Remark 6.1. We have developed the theory of Ld for rather general degree one divisors 
D G DivQ(X). The main reason why we choose to work with K is that Kx has an obvious 
relation with u;. But there are other promising choices for D; for instance, we could take 
D = -^rz^jW, where W is the divisor of Weierstrass points on X. This was suggested by 
Ariyan Javanpeykar. In fact, it is easy to see that the divisor V used in [8, Lemma 5.1] to 
extend W to a divisor on X with good properties is a valid choice for our Vw, so it would be 
interesting to study properties of Lp. 

Next we use Theorem |1.4| to prove Theorem 



Proof of Theorem \l.l\ From Proposition |3.4| we know that the assumptions of Theorem 1.4 



are satisfied. Therefore it suffices to show that (p . 0{Uk)) > 0. To this end, we will use the 
adjunction formula. 

Let v be a non-archimedean place of k and let T\, . . . , T r denote the irreducible components 
of X v . The adjunction formula and minimality imply that we have 

oj = (/c . r*) = -r, 2 + 2 Pa {Ti) - 2 > o. 

for all i. As before, we let G{ G DivQ(X x /c° r ) be a Q-divisor on X x k^ r of degree one such 
that (G^x - Tj) = 5ij. 

It is easy to see that if Ei, . . . , E n £ D'ivq(X xk™) have degree one and E = ^{E\+. . .+E n ), 
then 

U E = -(U El + ... + U En ). 
n 

Hence we may assume that K x k^ T = Gt for some t £ {1, . . . ,r}. 
By definition of Uk = Yl v Uk,v, we have 

r r 

(U K , V -fC)=^2 -Vv{Gi) 2 ai + 2 J2(V v (Gi) . V v (G t ))<n. 

i=l i=l 
Therefore it certainly suffices to show 

r 

(19) ^2(y v (G i ).V v (G t ))a i = 0. 

i=i 

Recall the definition of V v (Gi) = Y2j=i c j{Gi)Tj. Let a'j := an d 

wj{Gi) = a'j - (G it x ■ Tj) = a'j - 5ij. 
If w (Gi) = {wj(Gi))j G Q r and c(Gi) = (c j (G i )) j G Q r , then we have 

(20) c{G i ) = M+-w(G i ), 
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where M + is, as usual, the Moore-Penrose pseudoinverse of minus the intersection matrix of 
X v . Now we compute 

(r \ r 

v Gi . Y, c j( G t)rj = E c i( G ') • ^ - r i) 
i=i / 3=1 

r 

= Y,cj{Gt)wj{Gi) 

3=1 



Using (20) we find 

r r 

Y,(MGi) ■ V v (G t )) ai = -(2 5 - 2)w(G t ) T ■ M+ • J>(G;) ' a 'i 

i=\ i=l 



and thus the proof of ( 19 ) follows from the fact that for each j 6 {1, . . . , r} we get 

r r 

Wj(Gi)oJ = Oj- ^ a- - cij = 0, 

i=l i=l 

since Ya=i = 1. □ 

Remark 6.2. If all multiplicities are simple, then we can rewrite the lower bound ([!]) above 
using the entries of the matrices Mx v and and the numbers a„,i, all defined in Section 
[2j This allows for rapid computations of the lower bound for specific arithmetic surfaces. 

Let v be a non-archimedean place of k. For simplicity, we will only present a formula for 
the intersection on the right hand side of the inequality in Theorem |1.4| above v. To get a 
formula for the lower bound ([!]) one only needs to sum over all v. We also omit all references 
to v on the right hand side. 

A long and tedious computation shows that for any Q-divisor D of degree 1 whose closure 
on X avoids T(X) the following equality 

(0{U D ) + 2V D )l + 2(K.T i ) v 

r r r r r r 

= 4 Vi{D)nu - 4 Vi(D)nijn kk m jk n,,n jj iiijj 

i=l i=l j=l k=l i=l j=l 

r r r 

+Aa J2Yl a 'i a 'j n ij ~ 4 9^2 a ' iTiii 

i=l j'=l i=l 

holds. Note that this is not independent of D; however, one can show that as long as there 
exists a component Tj such that {Dx ■ Tj) = Sij, the bound is independent of i. In particular, 
if we know that there exists a canonical divisor of the form (2g — 2)P, where P € X(k), then 
we can compute our lower bound directly using only the matrices M v , and the vectors 
(a'j v )j for all v of bad reduction. 

For such X an explicit comparison between our bound and Zhang's lower bound r is possible 
without constructing Vk or Uk, leading to a strategy for verifying the effective Bogomolov 
conjecture for X (see Section [TJ. 
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7. FERMAT CURVES OF PRIME EXPONENT 

In Section Ig] we derived a nontrivial lower bound on u 2 for minimal arithmetic surfaces with 
simple multiplicities. In this section we compute lower bounds on UJ 2 in a situation where 
Theorem 1 1.1 1 is not applicable, namely for minimal regular models of Fermat curves of prime 
exponent. Along the way, we construct Uk and show that Lk is relatively semipositive. 

We start with a brief review of the notation from [7J. Let p > 3 be a prime number, let 

F p : X p + Y p = Z p 

denote the Fermat curve with exponent p over k = Q(Cp)i where C p is a primitive p-th root of 
unity. Let J 7 ™ 1 " denote the minimal regular model of F p over Z[£ p ] as computed by McCallum 
(cf. p2])- We denote the components of the only non-reduced special fiber of J 7 ™ 111 by Li, i 6 /, 
where 

I = {x,y,z, qi, ax t x,...,a\#, q 2 , a 2 ,i, ■ ■ ■ ,a 2 , p , a r , a r> i, . . . , a r>p , /3i,...,(3 s } 

and 2r + s = p — 3 (see [?])• Since a picture of the configuration of the non- reduced special 
fiber of J 7 ™ 111 is not too helpful, we give in Figure [l] the configuration of the special fiber of 
a non-minimal model J- p such that contracting the unique exceptional component L on T p 
yields J"™ in . See [El E] for details. 



L x L y L z L ai . . . L ar Lp-L . . . Lp s 











(1, -2) 


(1, -2) 




(P, -1) 




(1, -2) 


(1, -2) 




L aiJ 






(1, -2) 


(1, -2) 



















L 



(1,-P) (2,-p) (1, -p) 



Figure 1. The configuration of the special fiber of T p 
above v. All components have genus 0. The only com- 
ponent with self-intersection number -1 is L. 



Note that L Q . has multiplicity two. Therefore Proposition 3.4 and Theorem |1.1| do not 



apply and we have to show relative semipositivity of Lk and nontriviality of the bound from 



Theorem 1.4 directly for a suitable Q-divisor K. 

Since there is only one place v of bad reduction, we will omit it from the notation for the 
sake of simplicity. 

It was shown by Curilla and Kiihn in [7] that a canonical divisor of F p is given by (2g—2) -K, 
where K = S x for a certain /c-rational point S x on F p whose Zariski closure S x intersects only 
L x . In order to compute a lower bound on uj 2 using the results of the previous sections we 
will find Uk- This means that we first have to compute V^, where for each i € I the Zariski 
closure Gi^xxO™ of the divisor Gi G Div(A x fc° r ) of degree one satisfies (Gi^xxO™ ■ Lj) = 5{j. 
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Lemma 7.1. We have 



V Gi = ~Li, ifi G {x,y,z,Pj}, 



It _l J_ v p t 

p-^Oi T 2 P Z^j=l ^(Hj) 



2p 

Proof. Recall that the divisor V Gi must satisfy 



(21) 



(ybi ■ Lj) = a'j - (Gi^xO™ ■ Lj) 



for all j G /, where a'j = 3^2 + 2p a (Lj) — 2). Since all components have genus zero 
and self-intersection 1 — p except for the components L aij , which have genus zero and self- 
intersection —2, we get a'j = for the latter and a'j = | for all other components. Checking the 



validity of the Lemma reduces to checking (21) for each i G I which is a simple computation 
that we leave to the reader. 

Note that for V Gx this was essentially shown in Proposition 8.3]. □ 

Corollary 7.2. A canonical divisor on J 7 ™ 11 is given by (2g — 2)S X + ^L x and we have 



Uk = — ^r-L x -\ Xr^ 



p- 



p- 



l+p/2 



i=i 



V 



5>< 



i=i 



p 2 /2 + p/2-3 



r p 



P 



EE^ 

i=i j=i 



Proof. The first assertion follows immediately from ( 18 ), the fact that (2g — 2)S x is a canonical 



divisor on F p and Lemma |7.1 



For the second assertion, recall the definition of Uk from Section [3| 



Next we compute 



U K = J2{2(V Gi .V Sx )-Vl)L i . 



(y Gi .v Sx ) 

(V Gai .V Sx ) 



-A 
p 

— L^ • — L x 
p p J p z 

~L ai + TT^oiij ■ ~L X 
p 2p p 



r(l -p) for i G {x,y,z,/3j} 
1 

for i G {y,z,Pj} 



IS 
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(v Gaij -v Sx ) 

(V Ga f 

(v Ga J 2 



—La. + L, 



1 



1 

1 

2p ; 



(1-p) 



2 (2-p-p 





1 


G- 






_n 




p 2 ) 





p- 

Lqu 



(l-p) + 





1 








p2 


2p 1 


1 




2p 


\ 2 





+ 



p — 1 



A simple computation proves the corollary. 

Lemma 7.3. The hermitian line bundle Lk is relatively semipositive. 



□ 



Proof. Recalling Definition 3.1 of Lk we see that we need to show 

(22) a i + 2(S x .L i )-(U K .L i )>0 

for all i £ I, where a% = for i = a%j and a% = p — 3 for all other components. 

As usual, we will distinguish between the different components Li to prove (22). Through- 
out, we will use that s = p — 3 — 2r to eliminate s. We start with L x and find 



(U K ■ L a 



1-p 



1+p l+p/2 



P 



(l-p) + + 2) — f- +r 



p" 



2 r 3r 
p p 2 2p 



which gives 



a x + 2{S X . L x ) - (U K . L x ) > p - 3 > 0. 



Let i E {y, z, f3j}. Then we get 

1-p !+P n \ . / i ^!+P , !+P/2 2 r 3r 

(Efo . = — =- + — =-(1 - p) + (s + 1) — =- + r = — = 9 ~ ^ 

p z p z p z p z p p z zp 



and thus 



a, + 2(5,, . Li) -(U K .Li)>p-3>0. 



It remains to consider the components L ai and L aij . The computations are similar to the 
ones above, but tedious and hence are omitted. The upshot is that we get inequalities 



a ai + 2(5,, . L ai ) - (U K . L a .) = p - 3 - -p + 1 + - + + — > y - - 2 > 

2 p p z 2p 2 



and 



zp p 



This shows that (22) is satisfied for all components Lj which proves the lemma. 



□ 
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Proposition 7.4. We have 



uj 2 > 



4p 3 (p-l)(p-2) 



((4 + 2r)p 6 - (32 + 10r)p 5 + (10 + 19r)p 4 + (124 



- r - 2hr z )p 6 + (-56 + 52r + 2>lr A )p z + (156 - 328r + 112r z )p 
+144 - 24r + 60r 2 ) logp 



Proof. By Theorem 1.4 and Lemma |7,3| we know that 

uj 2 > - 9 -^0{2V K + U K ) 2 + 2(u.O(U K )). 
9 

Hence we need to compute the terms on the right hand side. 
First note that 



2V K + U K 



1 +p 



P 



L x + L y + L z + 



+ 



l+p/2 
P 2 



i=l 



J'=l 

p 2 /2 + p/2-3 

p2 



i=i i=i 



Using this, it is not hard to verify that 

p r r 



(2V K + UkY 



1 1,7 . 1 .25 2 
- + 1 + - -r - 5) + -= — r 
2 p 4 4 



5r - 1) 



(23) 



+ -^(17 - 30r + llr 2 ) + ^-(12 - 2r + 5r 2 ). 



For the computation of (/C . JTr:), where /C is a canonical divisor on J 7111111 , we use the adjunction 
formula. Namely, if Si denotes the multiplicity of Li in Ujc, then we have 



(JC . U K ) = y^Sjaj 
iel 



and hence 
(24) 



(JC . U K ) = (p - 3) 



1 — p 
P 2 



+ (s + 2) 



1+p l+p/2 



+ r 



P 



Combining ( 23 ) and ( 24 ) proves the proposition after a little algebra. 



□ 



The proof of Theorem 1.5 is now immediate. 



Proof, (of Theorem 1.5 ) For the general lower bound, use Proposition 7.4 and < r < \p — §. 
To derive the lower bounds for p = 5, 7, we use that r = if p = 5 and r = 2 if p = 7. □ 

Remark 7.5. The upper bound computed by Curilla and Kiihn in |7j is of order O(gplogp), i.e. 
of order 0(p 3 logp). Hence it seems that with our methods we cannot derive an asymptotic 
formula for u; 2 . 
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